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RATIONAL FIBERED CUBIC FOURFOLDS WITH NONTRIVIAL
BRAUER CLASSES
HANINE AWADA
Abstract. Some classes of cubic fourfolds are birational to fibrations over P2,
where the fibers are rational surfaces. This relates strongly the rationality of
the cubic with the rationality of these surfaces over the function field of P2 and
to the existence of rational sections of the fibration. It is an interesting question
to understand whether the existence of a rational section is also necessary for
the rationality of the cubic. Let C18 denote the divisor inside the moduli space
of smooth cubic hypersurfaces in P5 whose general element is a smooth cubic
containing an elliptic ruled surface associated to a sextic del Pezzo fibration.
Cubics in C18 are rational whenever the fibration has rational sections. By
intersecting C18 with the divisors C14, C26 and C38, whose elements are known
to be rational, we provide explicit description of these intersections and we
exhibit new examples of rational cubic fourfolds whose associated good sextic
del Pezzo fibration has no rational sections. We study also the divisor C8, whose
general element is a cubic containing a plane. These cubics are birational to
quadric fibrations over P2. Intersections between C8 and the divisors C26, C38
give us also new classes of smooth rational cubic fourfolds whose associated
quadric surface bundle doesn’t have a rational section.
1. Introduction
A smooth cubic fourfold is a smooth cubic hypersurface X ⊂ P5, that is the van-
ishing locus of a degree 3 homogeneous polynomial in 6 variables. Determining the
rationality (or not) of X is a very challenging open problem in algebraic geometry.
The fourfold X is called special if it contains an algebraic surface S which is
not homologous to a complete intersection. Hassett [8] defines the loci Cd of special
cubic fourfolds of discriminant d and shows that these loci are non-empty irreducible
divisors for d > 6 and d ≡ 0, 2 mod (6). The values d hence make up an infinite
sequence of integers. Moreover, for an infinite, proper subset of the set of the
divisors Cd, the Hodge structure of the nonspecial cohomology of the cubic fourfold
is essentially the Hodge structure of the primitive cohomology of a K3 surface.
This K3 surface is said to be associated to the special cubic fourfold. Hassett [8,
section 5] shows that special cubic fourfolds of discriminant d have an associated
K3 surfaces if d ∤ 4, 9, or any odd prime p ≡ 2 mod (3). A natural suspicion is that
any rational smooth cubic fourfold ought to have an associated K3 surface. For
now, cubic fourfold in C14, C26 and C38 are proved to be rational (see [5], [10], [3]).
Cubics X in C8 contain a plane and the projection from the plane gives X
a structure of quadric surface fibration over P2. Hassett [7] identifies countably
many divisors in C8 consisting of cubic fourfolds containing a plane whose Clifford
invariant is trivial, implying rationality. We call Clifford invariant the Brauer class
β ∈ Br(S) of the P1-bundle over a smooth degree two K3 surface S, which is the
relative Hilbert scheme of lines H(0, 1) in the fibers of the quadric fibration. Its
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triviality is equivalent to the existence of a rational section of the associated quadric
surface bundles over P2. Each of these loci is a codimension two subvariety in the
moduli space of cubic fourfolds C.
An example of rational cubic fourfoldX containing a plane whose associated quadric
surface bundle doesn’t have a rational section, hence not contained in the divisors
of C8 described by Hassett has already been considered by studying the intersection
C8 ∩ C14 (see [2]).
In [1], other examples of rational fibered cubic fourfold in C18, parametrized by
a countably infinite union of codimension two subvarieties, has been studied. A
generic cubic fourfold X in C18 contains an elliptic ruled surface T of degree 6. The
ideal of quadrics through T define a rational map X 99K P2 that displays X as a
fibration in sextic del Pezzo surfaces over P2. If the fibration has some mild ”good”
proprieties (see Def 3.1 ), we can associate two Brauer classes to such a fibration:
b2 ∈ Br(S) of a P2-bundle H(0, 3) over a smooth degree two K3 surface S and
b3 ∈ Br(Z) of a P1-bundle H(0, 2) over a triple cover Z of P2. Here, H(0, 3) and
H(0, 2) denote the relative Hilbert scheme over P2 parametrizing connected genus
zero curves of respectively anticanonical degree three and two. The triviality of
these Brauer classes b2 or b3 is equivalent to the existence of respectively a 2- or 3-
multisection (see [9]). In [1], it is proved that cubics in C18 are rational whenever
the fibration has rational section, this is equivalent to having both Brauer classes
trivial. The first result of this paper shows that this condition is not necessary for
the rationality of a cubic fourfold in C18.
Theorem A: There exist rational cubic fourfolds in C18 fibered in good sextic
del Pezzo surfaces such that the associated Brauer classes are not both trivial.
This existence result is obtained by studying codimension two cycles on cubic
fourfolds in the intersection C18 ∩ C14, and checking when a surface corresponding
to a rational section of the del Pezzo fibration can not exist inside the cubic. The
equation of the cubic itself, is then constructed with Macaulay2.
Furthermore, we give a complete description of the irreducible components of the
intersection loci between C18 and C14, C26, C38. We refrain to describe them here,
they are contained in Thms. 3.4, 3.5 and 3.6. These results are obtained by studying
the intersection lattices of cubic fourfolds in these loci of codimension two in the
moduli space, and by checking their non emptiness. For each irreducible component
in each intersection, we also study the triviality of the two Brauer classes.
Then, we consider C8 and we give also new examples of rational cubic fourfolds
in C8 fibered in quadric surfaces with nontrivial Brauer class β ∈ Br(S) on the K3
surface S of degree 2. This time the rational example with no section is found in
the intersection C8∩C38. We describe explicitely the irreducible components for the
intersections between C8 and C26, C38 and provide conditions on the intersection
pairing of generic elements for the (non)triviality of the Clifford invariant (see §4):
Theorem B-1: The intersection C8 ∩ C26 in the moduli space of cubic fourfolds
has eight irreducible components indexed by the discriminant d ∈ {29, 36, 48, 53, 61,
64, 68, 69} of the intersection pairing of generic elements inside each component.
Four of these components contain cubic fourfolds whose quadric fibration has no
section.
Theorem B-2: The intersection C8 ∩ C38 in the moduli space of cubic fourfolds
has ten irreducible components indexed by the discriminant d ∈ {36, 45, 61, 68, 80,
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85, 93, 96, 100, 101} of the intersection pairing of generic elements inside each com-
ponent. Five of these components contain cubic fourfolds whose quadric fibration
has no section.
The structure of this paper is as follows. In §2, we give some notions and
introduce some of the Hodge Theory and lattices associated with cubic fourfolds.
In §3, we consider intersections of C18 with C14, C26 and C38 determining their
irreducible components and giving some new examples of rational cubic fourfolds
fibered in good sextic del Pezzo surfaces with nontrivial Brauer classes b2 and b3,
hence not contained in the divisors of C18 described in [1]. We determine in §4,
irreducible components of C8 ∩C26, C8 ∩C38 and study essentially cubic fourfolds in
these intersections giving new examples of rational cubic fourfolds fibered in quadric
surfaces with a nontrivial Brauer class. Then in §5, we illustrate our computations
with explicit examples using MACAULAY2 [6].
Aknowledgments: I am very grateful to Michele Bolognesi for stimulating
discussions, exchanging ideas and suggesting many improvements.
2. Hodge theory for cubic fourfolds
Let X be a smooth cubic fourfold over C. Let us denote by C the moduli space
of smooth cubic fourfolds in P5. It is a quasi-projective twenty-dimensional variety.
The Hodge diamond of X is as follows
1
0 0
0 1 0
0 0 0 0
0 1 21 1 0
We focus on the middle cohomology of X, containing some nontrivial Hodge theo-
retic information.
Let L be the cohomology group H4(X,Z), known as the cohomology lattice, and
L0 = H
4
0 (X,Z) :=< h
2 >⊥ the primitive cohomology lattice, where h ∈ H2(X,Z)
is the hyperplane class defined by the embedding X ⊂ P5.
Note that L0 is an even lattice (see [8, §2]).
We denote by < −,− > the intersection form of a certain lattice. Let A(X) =
H4(X,Z) ∩ H2,2(X) be the lattice of integral middle Hodge classes; it coincides
with the Chow group of codimension 2 cycles up to rational equivalence. The
intersection form of A(X) is positive definite by the Riemann bilinear relations.
Denote by d(A(X)) ∈ Z its discriminant, the determinant of the Gram matrix.
The definition of special cubic fourfolds introduced in §1 can be interpreted using
A(X): a smooth cubic fourfold X is special if and only if the rank of A(X) is at least
2. Special cubic fourfolds form a countably infinite union of irreducible divisors Cd
in C, where d takes some integer values.
The labelling of a special cubic fourfold consists of a positive definite rank two
saturated sublattice K, with h2 ∈ K ⊂ A(X). The discriminant d is the determi-
nant of the intersection form on K.
Let Cd denote the divisor of special cubic fourfolds with a labelling of discriminant
d. Only few Cd can be defined explicitely in terms of particular surfaces contained
in X. For example, C8 is defined as the locus of smooth cubic fourfolds containing a
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plane, C14 is the one containing a quartic scroll, C18 the one containing an elliptic
ruled surface, and a few others.
3. C18 and rational cubic fourfolds
The goal of this section is to showcase examples of rational cubic fourfolds, which
are fibered in sextic del Pezzo surfaces but whose fibration has no rational sections
(or better no 2- or 3- multisections), hence the sextic del Pezzo surfaces are not
rational over the function field of P2. In the meanwhile, we will also study the
irreducible components of C18 ∩ C14, C18 ∩ C26 and C18 ∩ C38.
3.1. Cubic fourfolds containing an elliptic ruled surface. A generic cubic
fourfold in C18 contains an elliptic ruled surface of degree 6 (see [1]).
Let X ⊂ C18 be a generic cubic fourfold containing the elliptic ruled surface T . Its
Gram matrix is the following:
h2 T
h2 3 6
T 6 18
Let X˜ denote the blow-up of X along T and let
π : X˜ → P2
be the map induced by the linear system of quadrics containing T .
For generic X, the generic fiber of π is del Pezzo surface of degree 6.
Note that a singular del Pezzo surface is a surface P with ADE singularities and
ample anticanonical class such that K2S = 6. They are classified as follows (see [9,
Section 2] or [1, Section 5] for a complete description):
• Type I: P has one A1 singularity.
• Type II: P has one A1 singularity obtained in a different way from Type I.
• Type III: P has two A1 singularities.
• Type IV: P has one A2 singularity.
• Type V: P has a A1 and a A2 singularity.
Type I and II occcur in codimension one of the moduli stack of (singular) sextic
del Pezzo surfaces. Type III and IV occur in codimension two; type V occurs in
codimension three.
Definition 3.1. ([1, definition 11]) Let P be a smooth complex projective surface.
A good del Pezzo fibration consists of a smooth fourfold G and a flat projective
morphism π : G → P such that the fibers are either smooth or singular sextic del
Pezzo surfaces of Type I, II, III or IV. Let Bi denote the closure of the locus of
Type i fibers in P. Bi has the following properties
• BI is a non-singular curve.
• BII is a curve, non-singular away from BIV .
• BIII is finite and coincides with the intersection of BI and BII , which is tran-
verse.
• BIV is finite and BII has cusps at BIV .
• BV is empty.
The discriminant curve of π has two irreducible components, a smooth sextic
curve BI and a sextic curve BII with 9 cusps (see [1], [9] or [4] for more details).
For a good del Pezzo fibration π we consider the following construction:
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We need to consider surfaces inside two different Hilbert schemes of curves in
the fibers of π. Let us denote by H(0, 3) the relative Hilbert scheme of connected
genus zero curves with anticanonical degree 3 inside the fibers. There are two 2-
dimensional families of such curves on a del Pezzo sextic. One is given by the strict
transforms of the lines in P2 that do not pass through any of the three base points.
The second is given by conics passing through the three base points. Hence the
Stein factorization yields an e´tale P2-bundle H(0, 3) over a smooth degree two K3
surface S.
H(0, 3)
P
2
//
##❋
❋
❋
❋
❋
❋
❋
❋
❋
S
2:1

X˜
pi
// P2
If the del Pezzo fibration has a rational section, then the projective bundleH(0, 3)→
S has a rational section as well and the Brauer class b2 ∈ Br(S) is trivial.
Let us consider now H(0, 2)→ P2 the relative Hilbert scheme of connected genus
zero curves with anticanonical degree 2 in the fibers. The Stein factorization yields
an e´tale P1-bundle H(0, 2) over a non singular surface Z. In fact, associated to a
good del Pezzo fibration of π, there is a non-singular triple cover Z → P2 branched
along a cuspidal sextic BII . On every geometric fiber, the P
1-bundle is given by
the strict transform of the lines through each of the 3 blown-up points P1, P2, P3
∈ P2 of the corresponding del Pezzo of degree 6.
H(0, 2)
P
1
//
##❋
❋
❋
❋
❋
❋
❋
❋
❋
Z
3:1

X˜
pi
// P2
The Brauer class b3 ∈ Br(Z) of the P1-bundle H(0, 2)→ Z is trivial whenever the
del Pezzo fibration π has a rational section.
For the rationality of the good fibration in sextic del Pezzo surfaces it is enough
that the two Brauer classes b2 and b3 are trivial (see [1, Proposition 8] or [9] for
more details).
Furthermore, for a good sextic del Pezzo fibration π : X˜ → P2, we have that:
(see [9, Proposition 5.20])
(1) The Brauer class b2 ∈ Br(S) is trivial if and only if π has a rational 2-
multisection.
(2) The Brauer class b3 ∈ Br(Z) is trivial if and only if π has a rational
3-multisection.
In terms of cycles of dimension 2, this is equivalent to the following:
Proposition 3.2. Let F be the class of a fiber of the good sextic del Pezzo fibration
π : X˜ → P2, we have that:
(1) The Brauer class b2 is trivial if and only if ∃W ∈ A(X)| < W,F >= 2.
(2) The Brauer class b3 is trivial if and only if ∃W ∈ A(X)| < W,F >= 3.
In the following, we describe irreducible components of C18 ∩ C14, C18 ∩ C26 and
C18 ∩ C38.
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3.2. C18∩C14. Let X be a cubic fourfold in C18∩C14; A(X) has primitive sublattices
K18 =< h
2, T > andK14 =< h
2, S14 >, such that h
2 is the square of the hyperplane
class, S14 is the class of a rational quartic scroll or a degeneration of such a surface
(see [5]), T is the class of an elliptic ruled surface.
K14 =
h2 S14
h2 3 4
S14 4 10
K18 =
h2 T
h2 3 6
S18 6 18
Remark 3.3. Only for d 6≡ 0 mod (9) there is a unique lattice (up to isormorphism)
of rank 2 that represents 3 and has discriminant d.
The cubic fourfold X in C18 ∩ C14 has a sublattice < h2, S14, T >⊂ A(X) with
Gram matrix (1)
(1)
h2 S14 T
h2 3 4 6
S14 4 10 τ
T 6 τ 18
For some τ ∈ Z depending on X .
Denote by Aτ the lattice of rank 3 whose bilinear form has Gram matrix (1).
Let Cτ = CAτ ⊂ C be the locus of smooth cubic fourfolds such that there is a
primitive embedding Aτ ⊂ A(X) of lattices preserving h2.
Theorem 3.4. The irreducible components of C18 ∩ C14 are the subvarieties of
codimension two Cτ for τ ∈ {4, 5, 6, 7, 8, 9, 10, 11, 12}.
Proof. Recall the Gram matrix 1; note that Aτ must be positive definite which
is equivalent to having positive discriminant by Sylvester’s criterion; as d(Aτ ) =
−3(τ2 − 16τ + 36), the only values of τ making a positive discriminant are τ ∈
{3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13}.
For these values of τ , Aτ is a positive definite saturated sublattice of rank 3:
h2 ∈ Aτ ⊂ A(X) ⊂ L
Furthermore, let v = xh2 + yS14 + zT ∈ Aτ . For x, y, z ∈ Z, we get
< v, v >= 3x2 + 10y2 + 18z2 + 8xy + 12xz + 2τyz.
For τ = 3, < −4h2+S14+T,−4h2+S14+T >= 2; for τ = 13, < −S14+S18,−S14+
S18 >= 2. Thus C3 and C13 are empty (see [12, Lemma 2.4]).
For all τ ∈ {4, 5, 6, 7, 8, 9, 10, 11, 12}, there exists no v ∈ Aτ such that < v, v >= 2.
Hence, for these values of τ , Cτ ⊂ C is nonempty and has codimension 2 (see [12,
Lemma 2.4]). The corresponding discriminants d(Aτ ) are 36, 57, 72, 81, 84, 81, 72,
57, 36.
We now prove that Cτ is irreducible. We first note that the rank of the lattice
A(X) is an upper-semicontinuous function on C; the irreducible components of Cτ
correspond then to rank 3 overlattices B of Aτ (a finite index sublattice for some
τ) which is primitively embedded into H4(X,Z). We will prove that no proper
finite overlattices exist. By standard lattice theory, we have that, for an embedding
Aτ →֒ B with finite index, d(B).|Aτ : B|2 = d(Aτ ) ; for τ = 5, 11 the discriminant
is squarefree, so there are no proper finite overlattices.
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For the remaining cases, we can take h2 and S14 as a part of a basis of an overlattice
B and complete it with V such that V = xh2 + yS14 + zT with x, y, z ∈ Q.
Considering the natural embedding of Aτ in B, we can take z =
1
n
for some n ∈ Z
and x′ = nx, y′ = yn ∈ Z, we can write V = 1
n
(x′h2 + y′S14 + T ). By adding
multiples of h2 and S14, we may ensure that 0 ≤ x′, y′ < n.
Computing intersections:
< V, h2 > =
1
n
(3x′ + 4y′ + 6) = α1,
< V, S14 > =
1
n
(4x′ + 10y′ + τ) = β1,
< V, V > =
1
n2
(3(x′)2 + 10(y′)2 + 12x′ + 2τy′ + 8x′y′ + 18) = γ1.
Then B has the following Gram matrix:
h2 S14 V
h2 3 4 α1
S14 4 10 β1
V α1 β1 γ1
By computing B0, the finite proper overlattice of Aτ,0 =< h
2 >⊥, we find that the
vectors (4,−3, 0) and (−x
′
−2
n
,− y
′
n
, 1) form a basis for B0.
Now we check each case separately for possible values of τ, n, x′ and y′. For
all possible values, the Gram matrices of B or B0 are non-integer. Thus all the
components Cτ are irreducible. 
Let F be the class of a fiber of a good sextic del Pezzo fibration π : X˜ −→ P2,
that is
F = 4h2 − T ,
such that h2 is the square of the hyperplane class and T is the class of an elliptic
ruled surface. For such a fibration, let us check the triviality of the associated
Brauer classes for each component of C18 ∩ C14.
Let Wa,b,c ∈ A(X) be a cycle such that
Wa,b,c = ah
2 + bS14 + cT , for a, b, c ∈ Z
We have that < Wa,b,c, F >= 6a + (16 − τ)b + 6c. We will check for possible
values of τ the triviality of b2 or b3 for a good sextic del Pezzo fibration.
In the following table, we collect our results of the (non)triviality of the Brauer
classes for the different components of C18 ∩ C14 depending on the existence of a
cycle W ∈ A(X) of degree 2 or 3. This is true if we assume that the sextic del
Pezzo fibration associated to the cubic fourfold is good.
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τ < Wa,b,c, F >= 2 < Wa,b,c, F >= 3 b2 b3
triv. nontriv. triv. nontriv.
4 ∅ ∅ × ×
5 W0,4,−7 W0,3,−5 × ×
6 W0,2,−3 ∅ × ×
7 ∅ W0,1,−1 × ×
8 W0,1,−1 ∅ × ×
9 W0,2,−2 W0,3,−3 × ×
10 ∅ ∅ × ×
11 W0,4,−3 W0,3,−2 × ×
12 W0,2,−1 ∅ × ×
In §5.1, we give an explicit example of a rational cubic fourfold in C18 associated
with a good sextic del Pezzo fibration and with one nontrivial Brauer class.
3.3. C18∩C26. Let X be a cubic fourfold in C18∩C26; A(X) has primitive sublattice
K18 =< h
2, T > andK26 =< h
2, S26 >, such that h
2 is the square of the hyperplane
class, T is the class of an elliptic ruled surface and S26 is a surface with one node
obtained as the projection of a smooth del Pezzo surface S ⊂ P7 of degree seven
from a line intersecting the secant variety of S transversally (see [10, §3]), contained
in a general element of C26.
K26 =
h2 S26
h2 3 7
S26 7 25
A cubic fourfold X in C18 ∩ C26 has a sublattice < h2, T, S26 >⊂ A(X) with Gram
matrix (2)
(2)
h2 T S26
h2 3 6 7
T 6 18 τ
S26 7 τ 25
For some τ ∈ Z depending on X .
Theorem 3.5. The irreducible components of C18 ∩ C26 are the subvarieties of
codimension two Cτ for τ ∈ {8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20}.
Proof. As d(Aτ ) = −3(τ2 − 28τ + 144), the only values making a positive discrim-
inant are τ ∈ {7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21}.
For these values of τ , Aτ is a positive definite saturated sublattice of rank 3:
h2 ∈ Aτ ⊂ A(X) ⊂ L
Furthermore, let v = xh2 + yT + zS26 ∈ Aτ x, y, z ∈ Z, we get
< v, v >= 3x2 + 18y2 + 25z2 + 12xy + 14xz + 2τyz,
For τ = 7, < −5h2+T +S26,−5h2+T +S26 >= 2; for τ = 21, < h2+T −S26, h2+
T − S26 >= 2. Thus C7 and C21 are empty (see [12, Lemma 2.4] ).
For all τ ∈ {8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20}, there exists no v ∈ M
such that < v, v >= 2. Then for these values of τ , Cτ ⊂ C is nonempty and has
codimension 2 (see [12, Lemma 2.4]). The corresponding discriminants d(Aτ ) are
48, 81, 108, 129, 144, 153, 156, 153, 144, 129, 108, 81, 48.
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We now prove that Cτ is irreducible. For τ = 11, 17 the discriminant is squarefree,
so there are no proper finite overlattices. For the remaining cases, we can take
h2 and T as a part of a basis of an overlattice B and complete it with V ′ such
that V ′ = xh2 + yT + zS26 with x, y, z ∈ Q. Let z =
1
n
for some n ∈ Z and
x′ = nx, y′ = yn ∈ Z; we can write V ′ = 1
n
(x′h2 + y′T + S26). By adding multiples
of h2 and T , we may ensure that 0 ≤ x′, y′ < n.
Computing intersections:
< V ′, h2 > =
1
n
(3x′ + 6y′ + 7) = α2,
< V ′, T > =
1
n
(6x′ + 18y′ + τ) = β2,
< V ′, V ′ > =
1
n2
(3x′2 + 18y′2 + 2τy′ + 14x′ + 12x′y′ + 25) = γ2.
B has the following Gram matrix:
h2 T V ′
h2 3 6 α2
T 6 18 β2
V ′ α2 β2 γ2
By computing B0, we find that the vectors (−2, 1, 0) and (−
x′
n
,− y
′
n
− 7
6n
, 1) form a
basis for B0. Now we check each case separately for possible values of τ, n, x
′ and
y′. For all possible values, the Gram matrices of B or B0 are non-integer. Thus all
the components Cτ are irreducible. 
For a good del Pezzo fibration π, let us check the triviality of the associated
Brauer classes b2 and b3 for each component of C18 ∩ C26.
For Wa,b,c a cycle in A(X) such that
Wa,b,c = ah
2 + bT + cS26, for a, b, c ∈ Z
and F the class of a fiber of π, we have that < Wa,b,c, F >= 6a+ 6b+ (28− τ)c.
In the following table, we study the existence of some particular 2-cycles with
specific intersections with the fibration and deduce the (non)triviality of the Brauer
classes for the different components of C18 ∩ C26. This is true if we assume that
the associated sextic del Pezzo fibration is good for a general cubic fourfold in the
intersection.
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τ < Wa,b,c, F >= 2 < Wa,b,c, F >= 3 b2 b3
triv. nontriv. triv. nontriv.
8 W0,7,−2 ∅ × ×
9 W0,13,−4 W0,10,−3 × ×
10 ∅ ∅ × ×
11 W0,6,−2 W0,9,−3 × ×
12 W0,3,−1 ∅ × ×
13 ∅ W0,3,−1 × ×
14 W0,5,−2 ∅ × ×
15 W0,9,−4 W0,7,−3 × ×
16 ∅ ∅ × ×
17 W0,4,−2 W0,6,−3 × ×
18 W0,2,−1 ∅ × ×
19 ∅ W0,2,−1 × ×
20 W0,3,−2 ∅ × ×
3.4. C18∩C38. Let X be a cubic fourfold in C18∩C38; A(X) has primitive sublattice
K18 =< h
2, T > andK38 =< h
2, S38 >, such that h
2 is the square of the hyperplane
class, T is the class of an elliptic ruled surface and S38 is the general degree 10
smooth surface of sectional genus 6 obtained as the image of P2 by the linear system
of plane curves of degree 10 having 10 fixed triple points (see [10, §4]), contained
in a general element of C38.
K38 =
h2 S38
h2 3 10
S38 10 46
The cubic fourfold X in C18 ∩ C38 has a sublattice < h2, T, S38 >⊂ A(X) with
Gram matrix (3)
(3)
h2 T S38
h2 3 6 10
T 6 18 τ
S38 10 τ 46
For some τ ∈ Z depending on X .
Theorem 3.6. The irreducible components of C18∩C38 are the subvarieties of codi-
mension two Cτ for τ ∈ {12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28}.
Proof. As d(Aτ ) = −3(τ2 − 40τ + 324), the only values of τ making a positive
discriminant are τ ∈ {12, 13, ..., 28}.
For these values of τ , Aτ is a positive definite saturated sublattice of rank 3:
h2 ∈ Aτ ⊂ A(X) ⊂ L
Furthermore, let v = xh2 + yT + zS38 ∈ Aτ , for x, y, z ∈ Z, we get
< v, v >= 3x2 + 18y2 + 46z2 + 12xy + 20xz + 2τyz,
For these values of τ , there exists no v ∈ Aτ such that < v, v >= 2; thus Cτ ⊂ C
is nonempty and has codimension 2 (see [12, Lemma 2.4]). The corresponding
discriminants d(Aτ ) are 36, 81, 120, 153, 180, 201, 216, 225, 228, 225, 216, 201,
180, 153, 120, 81, 36.
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We now prove that Cτ is irreducible. For τ = 17, 23 the discriminant is squarefree,
so there are no proper finite overlattices. For the remaining cases, we can take
h2 and T as a part of a basis of an overlattice B and complete it with V ′′ such
that V ′′ = xh2 + yT + zS38 with x, y, z ∈ Q. Let z =
1
n
for some n ∈ Z and
x′ = nx, y′ = yn ∈ Z, we can write V ′′ = 1
n
(x′h2+ y′T +S38). By adding multiples
of h2 and T , we may ensure that 0 ≤ x′, y′ < n.
Computing intersections:
< V ′′, h2 > =
1
n
(3x′ + 6y′ + 10) = α3,
< V ′′, T > =
1
n
(6x′ + 18y′ + τ) = β3,
< V ′′, V ′′ > =
1
n2
(3x′2 + 18y′2 + 2τy′ + 20x′ + 12x′y′ + 46) = γ3.
B has the following Gram matrix:
h2 T V ′′
h2 3 6 α3
T 6 18 β3
V ′′ α3 β3 γ3
By computing B0, we find that the vectors (−2, 1, 0) and (−
x′
n
− 10
3n
,− y
′
n
, 1) form
a basis for B0.
Now we check each case separately for possible values of τ, n, x′ and y′. For
all possible values, the Gram matrices of B or B0 are non-integer. Thus all the
components Cτ are irreducible.

Let us check the triviality of the Brauer classes b2 and b3 associated to the good
fibration π for each component of C18 ∩ C38.
For Wa,b,c a cycle in A(X) such that
Wa,b,c = ah
2 + bT + cS38, for a, b, c ∈ Z
and F the class of a fiber of π, we have that < Wa,b,c, F >= 6a+ 6b+ (40− τ)c.
In the following table, we study the (non)triviality of the Brauer classes for the
different components of C18 ∩ C38 depending on the existence of a multisection of
degree 2 or 3. This is true if we assume that the associated sextic del Pezzo fibration
is good.
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τ < Wa,b,c, F >= 2 < Wa,b,c, F >= 3 b2 b3
triv. nontriv. triv. nontriv.
12 W0,5,−1 ∅ × ×
13 ∅ W0,5,−1 × ×
14 W0,9,−2 ∅ × ×
15 W0,17,−4 W0,13,−3 × ×
16 ∅ ∅ × ×
17 W0,8,−2 W0,12,−3 × ×
18 W0,4,−1 ∅ × ×
19 ∅ W0,4,−1 × ×
20 W0,7,−2 ∅ × ×
21 W0,13,−4 W0,10,−3 × ×
22 ∅ ∅ × ×
23 W0,6,−2 W0,9,−3 × ×
24 W0,3,−1 ∅ × ×
25 ∅ W0,3,−1 × ×
26 W0,5,−2 ∅ × ×
27 W0,9,−4 W0,7,−3 × ×
28 ∅ ∅ × ×
4. C8 and rational cubic fourfolds
4.1. Cubic fourfolds containing a plane. In this section, by lattice-theoretic
calculations, we describe classes of rational cubic fourfolds containing a plane whose
fibration in quadric surfaces has no section.
Let Y be a cubic fourfold in C8 containing a plane P . Let h denote the hyperplane
class of Y , and let Q denote the class of the quadric surface residual to P so that
h2 = P +Q.
Let Y˜ denote the blow-up of Y along P . The projection from P resolves into a
morhpsism
q : Y˜ → P2.
The fibers of this morphism are quadric surfaces in the class Q and cubic fourfolds
containing a plane are birational to quadric surface bundles over P2 (see [7]).
Recall that the discriminant divisor D is defined as the locus over which q fails
to be smooth. We call the plane P good if the fibers of q have at most isolated
singularities. This is equivalent to having D ⊂ P2 smooth (see [2, §1]). In this
case, the cover S→ P2 branched over D, a sextic curve, is a smooth K3 surface
S of degree 2. If D is smooth, the relative Hilbert scheme of lines H(0, 1) of the
morphism q is an e´tale projective P1-bundle over S (see [4, §5]). To such an object
we can associate a Brauer class β ∈ Br(S) which is trivial if and only if q has a
rational section.
H(0, 1)
P
1
//
##❋
❋
❋
❋
❋
❋
❋
❋
❋
S
2:1

Y˜
q
// P2
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Hassett [7] shows that if there is a class T ∈ A(Y ) such that < T,Q > is odd
then Y is rational over C. In particular, q has a rational section if and only if there
exists an algebraic cycle T ∈ A(Y ) such that < T,Q >= 1.
In the following, we give a complete description of irreducible components of
C8 ∩ C26 and C8 ∩ C38 proving Theorems B-1, B-2 in §1. Then for each case, we
discuss the question of (non)triviality of the Brauer class.
4.2. C8 ∩ C26. A smooth cubic fourfold Y is in C8 or C26 if and only if A(Y ) has
primitive sublattice K8 =< h
2, P > or K26 =< h
2, S26 >, such that h
2 is the
square of the hyperplane class, P is a plane contained in a general element of C8
and S26 is a surface contained in a general element of C26 (as defined in §3.3).
K8 =
h2 P
h2 3 1
P 1 3
A cubic fourfold Y in C8 ∩ C26 has a sublattice < h
2, P, S26 >⊂ A(Y ) with the
following Gram matrix (4)
(4)
h2 P S26
h2 3 1 7
P 1 3 τ
S26 7 τ 25
For some τ =< P, S26 >∈ Z depending on Y .
The values of τ may be restricted following some properties and work of Voisin
[11].
Denote by Aτ the lattice of rank 3 whose bilinear form has Gram matrix (4).
Let Cτ = CAτ ⊂ C be the locus of smooth cubic fourfolds such that there is a
primitive embedding Aτ ⊂ A(Y ) of lattices preserving h2.
Proposition 4.1. The irreducible components of C8 ∩ C26 are the subvarieties of
codimension two Cτ for τ ∈ {−1, 0, 1, 2, 3, 4, 5, 6}.
Proof. By construction, C8∩C26 = ∪τ∈ZCτ . First we determine which components of
Cτ are possibly nonempty. Aτ must be positive definite which is equivalent to having
positive discriminant by Sylvester’s criterion. As d(Aτ ) = −3τ2+14τ+53, the only
values of τ making a positive discriminant are τ ∈ I = {−2,−1, 0, 1, 2, 3, 4, 5, 6, 7}.
Hence, C8 ∩ C26 = ∪τ∈ICτ .
Then, we prove that Cτ is empty for τ = −2, 7 by finding primitive short roots
(that is, primitive vectors of norm 2) in Aτ,0 =< h
2 >⊥. Indeed, the vectors
(1,−3, 0) and (−3, 2, 1) form a basis for Aτ,0. For all Ra,b ∈ Aτ,0, Ra,b = (a −
3b,−3a+ 2b, b) for some a, b ∈ Z, τ ∈ I; for τ = −2, we find primitive short roots
±R0,1; for τ = 7, we find primitive short roots ±R1,1 = ±(−2,−1, 1). Hence, by
[11, §4 Proposition 1], Cτ is empty for τ = −2, 7. We are left with Cτ possibly
nonempty only for τ ∈ {−1, 0, 1, 2, 3, 4, 5, 6}.
To check the (non)emptiness of these Cτ , we proceed as follows; for all τ ∈
{−1, 0, 1, 2, 3, 4, 5, 6}, Aτ is a positive definite saturated sublattice of rank 3:
h2 ∈ Aτ ⊂ A(Y ) ⊂ L
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Furthermore, let v = xh2 + yP + zS26 ∈ Aτ for x, y, z ∈ Z, we get
< v, v >= 3x2 + 3y2 + 25z2 + 2xy + 14xz + 2τyz, τ ∈ {−1, 0, 1, 2, 3, 4, 5, 6}
For these values of τ , there exists no v ∈ Aτ such that < v, v >= 2. Thus Cτ
is nonempty and has codimension two (see [12, Lemma 2.4]).The corresponding
discriminants d(Aτ ) are 36,53,64,69,68,61,48,29.
We prove now that the Cτ are irreducible. For τ = 0, 2, 4, 6 the discriminants of
Aτ are squarefree, so there are no proper finite overlattices.
For the remaining cases, we can take h2 and P as a part of a basis of the overlattice
B. Let U be a vector that completes this to a basis such that U = xh2+ yP + zS26
with x, y, z ∈ Q.
Considering the natural embedding of Aτ in B, we can take z =
1
n
, for some n ∈ Z
and x′ = nx, y′ = yn ∈ Z; then U = 1
n
(x′h2 + y′P + S26). By adding multiples of
h2 and P , we may ensure that 0 ≤ x′, y′ < n.
Computing intersections:
< U, h2 > =
1
n
(3x′ + y′ + 7) = α4,
< U, P > =
1
n
(x′ + 3y′ + τ) = β4,
< U, U > =
1
n2
(3x′2 + 3y′2 + 14x′ + 2τy′ + 2x′y′ + 25) = γ4.
Hence, B has Gram matrix:
h2 P U
h2 3 1 α4
P 1 3 β4
U α4 β4 γ4
By computing B0, the finite proper overlattice of Aτ,0, we find that the vec-
tors (1,−3, 0) and (−x
′
n
, −y
′
−7
n
, 1) form a basis for B0. Now we check each case
separately for possible values of τ, n, x′ and y′:
(1) τ = −1: We see that n can be 2, 3 or 6.
Remark that for all possible values of n, x′ and y′, the Gram matrix of B
or B0 are not in M3,3(Z). Then no such overlattices exist. Thus C−1 is
irreducible.
(2) τ = 1: We see that n can be 2, 4 or 8.
Observe that for all possible values of n, x′ and y′, the Gram matrix of B
is not in M3,3(Z). Then no such overlattices exist. Thus C1 is irreducible.
(3) τ = 3: We observe that n can be 2.
We notice that for all possible values of x′ and y′, the Gram matrix of B is
non-integral. Then no such overlattices exist. Thus C3 is irreducible.
(4) τ = 5: We observe that n can be 2 or 4.
Remark that for all possible values of x′ and y′, the Gram matrix of B is
non-integral. Then no such overlattices exist. Thus C5 is irreducible.

In the following, we address the question of the (non)triviality of the Brauer
class.
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τ -1 0 1 2 3 4 5 6
d(Aτ ) 36 53 64 69 68 61 48 29
Figure 1. Irreducible components of C8 ∩ C26
Theorem 4.2. Let Y be a general cubic fourfold in C8 ∩ C26 (so that A(Y ) has
rank 3) containing a good plane P . The Brauer Class β ∈ Br(S) of Y is trivial if
and only if τ is even.
Proof. If τ is even, then a cycle S26+3P ∈ A(Y ) exists such that < S26+3P,Q >=
1 − τ ≡ 1 mod (2) (odd). Hence β is trivial by the application of the criteria of
Hassett (see [7]).
If τ is odd, then d(AY ) has rank 3 and even discriminant (see Figure 1), hence
β is nontrivial (see [2, Proposition 2]). 
Corollary 4.3. The four irreducible components Cτ of C8 ∩ C26 corresponding to
τ = −1, 1, 3, 5 contain examples of smooth rational cubic fourfolds whose associated
quadric surface bundles don’t have a rational section.
4.3. C8 ∩ C38. Using same method as before, we compute intersection between C8
and C38 this time.
A cubic fourfold Y is in C8 or C38 if and only if A(Y ) has primitive sublattice
K8 =< h
2, P > or K38 =< h
2, S38 >, such that h
2 is the square of the hyperplane
class, P is a plane contained in a general element of C8 and S38 is as defined in §3.4.
A cubic fourfold Y in C8 ∩ C38 has a sublattice < h2, P, S38 >⊂ A(Y ) with Gram
matrix (5)
(5)
h2 P S38
h2 3 1 10
P 1 3 τ
S38 10 τ 46
For some τ ∈ Z depending on Y .
Proposition 4.4. The irreducible components of C8 ∩ C38 are the subvarieties of
codimension two Cτ for τ ∈ {−1, 0, 1, 2, 3, 4, 5, 6, 7, 8}.
Proof. As d(Aτ ) = −3τ2 + 20τ + 68, the only values of τ inducing a positive
discriminant are τ ∈ J = {−2,−1, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9}.
Let Aτ,0 = {(x, y, z) ∈ Z3|3x + y + 10z = 0}; indeed, the vectors (1,−3, 0) and
(−3,−1, 1) form a basis for Aτ,0; for all Ra,b ∈ Aτ,0, Ra,b = (a− 3b,−3a− b, b) for
some a, b ∈ Z, τ ∈ J .
For τ = −2, we find primitive short roots ±R−1,1 = ±(−4, 2, 1). Hence, by [11,
§4 Proposition 1], C−2 is empty ; We are left with Cτ possibly nonempty only for
τ ∈ {−1, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9}.
For all τ ∈ {−1, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9}, Aτ is a positive definite saturated sub-
lattice of rank 3:
h2 ∈ Aτ ⊂ A(Y ) ⊂ L
Furthermore, let v = xh2 + yP + zS38 ∈ Aτ , for x, y, z ∈ Z, we get
< v, v >= 3x2 + 3y2 + 46z2 + 2xy + 20xz + 2τyz,
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τ -1 0 1 2 3 4 5 6 7 8
d(Aτ ) 45 68 85 96 101 100 93 80 61 36
Figure 2. Irreducible components of C8 ∩ C38
For τ = 9, we have that < −2h2−2P+S38,−2h2−2P +S38 >= 2, C9 ⊂ C is empty
(see [12, Lemma 2.4]). For the rest of the values of τ , there exists no v ∈ Aτ such
that < v, v >= 2 then Cτ ⊂ C is nonempty and has codimension 2 (see [12, Lemma
2.4]). The corresponding discriminants d(Aτ ) are 45,68,85,96,101,100,93,80,61,36.
We prove now that Cτ is irreducible. For τ = 1, 3, 7 the discriminants are square-
free, so there are no proper finite overlattices. For the remaining cases, we can take
h2 and P as a part of a basis of an overlattice B and we complete it with U ′ such
that U ′ = xh2 + yP + zS38 with x, y, z ∈ Q. Let z =
1
n
for some n ∈ Z and
x′ = nx, y′ = yn ∈ Z. We can write U ′ = 1
n
(x′h2+y′P +S38). By adding multiples
of h2 and P , we may ensure that 0 ≤ x′, y′ < n.
Computing intersections:
< U ′, h2 > =
1
n
(3x′ + y′ + 10) = α5,
< U ′, P > =
1
n
(x′ + 3y′ + τ) = β5,
< U ′, U ′ > =
1
n2
(3x′2 + 3y′2 + 20x′ + 2τy′ + 2x′y′ + 46) = γ5.
Hence, B has Gram matrix:
h2 P U ′
h2 3 1 α5
P 1 3 β5
U ′ α5 β5 γ5
By computing B0, we find that the vectors (1,−3, 0) and (−
x′
n
,− y
′
+10
n
, 1) form a
basis for B0.
Now we check each case separately for possible values of τ, n, x′ and y′; We notice
that for all cases other than τ = −1, n = 3, x′ = 1, y′ = 2 either the Gram matrix
of B or B0 are non-integral.
For τ = −1, n = 3, x′ = 1, y′ = 2, B0 has the following Gram matrix(
24 32
32 51
)
which is not even. We conclude that no such overlattices exist. Thus all components
Cτ are irreducible. 
Theorem 4.5. Let Y be a general cubic fourfold in C8∩C38(so that A(Y ) has rank
3) containing a good plane P . The Brauer class β ∈ Br(S) of Y is trivial if and
only if τ is odd.
Proof. If τ is odd, then a cycle S38+5P ∈ A(Y ) exists such that < S38+5P,Q >=
−τ ≡ 1 mod (2) (odd). Hence β is trivial by the application of the criteria (see [7]).
If τ is even, then d(AY ) has rank 3 and even discriminant (see Figure 2), hence
β is nontrivial(see [2, Proposition 2]). 
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Corollary 4.6. C8 ∩ C38 has five smooth irreducible components, coresponding to
τ = 0, 2, 4, 6, 8, containing examples of smooth rational cubic fourfolds whose asso-
ciated quadric surface bundles don’t have a rational section.
In §5.2, we construct an explicit example of rational smooth cubic fourfold con-
taining a good plane in the intersection C8 ∩ C38, whose associated Brauer class
β ∈ Br(S) is nontrivial.
5. Explicit examples
In this section, We shall give explicit examples of rational fibered cubic four-
folds with nontrivial Brauer classes. All our computations have been done using
MACAULAY2 [6]. We work over the finite field F3331 but our equations hold over
fields of characteristic zero.
Let P5 = Proj(F3331[x0, ..., x5]) and P
2 = Proj(F3331[t0, ..., t2]).
5.1. Cubic fourfold in C18. We exhibit first an example of rational cubic fourfold
X ∈ C18 for which the fibration in sextic del Pezzo surfaces is good, with a nontrivial
Brauer class. This illustrates Theorem A in §1.
Using §3.2, we know the possible values of τ =< T, S14 > corresponding to the
intersection pairing for the elliptic ruled surface T and the quartic rational normal
scroll S14 contained in a general element of respectively C18 and C14.
Note that C14 is the closure of the locus of pfaffian cubic fourfolds i.e cubic hyper-
surfaces admitting an equation given by the pfaffian of 6×6 anti-symmetric matrix
of linear forms in P5. A general element of C14 contains either S14 or a quintic del
Pezzo surface (see [5]).
Let S be a quintic del Pezzo surface in P5 as defined in [5, Section 4]. We have that
S14 = 3h
2 − S.
To construct T , we define three quadrics Q1, Q2 and Q3 as follows:
Q1 = x2x3 − 967x0x4 + 622x1x4 − 1581x2x4 + 1403x0x5 − 122x2x5,
Q2 = x1x3 + 1069x0x4 + 1170x1x4 + 76x2x4 + 1072x0x5 − 881x1x5 + 237x2x5,
Q3 = x0x3 + 242x1x4 − 565x2x4 − 370x0x5 − 518x1x5 − 901x2x5.
Each of these quadrics contains two disjoint planes:
Π1 = {x0 = x1 = x2} and Π2 = {x3 = x4 = x5}.
T is obtained by saturating of the ideal generated by Q1, Q2 and Q3 with respect
to the defining ideals of the planes Π1 and Π2. In other words, T is the residual
intersection of the Qi.
We have that T and S intersect transversally in 12 points which corresponds to
< T, S14 >=< T, 3h
2 − S >= 6.
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The surfaces T and S are contained in the cubic fourfold X cut out by
C := x0x1x3 − 242x
2
1x3 + 354x0x2x3 − 843x1x2x3 − 552x
2
2x3
+ 462x1x
2
3 − 983x2x
2
3 + 606x
2
0x4 + 141x0x1x4 − 674x0x2x4 + 1157x1x2x4
+ 275x22x4 − 462x0x3x4 − 1645x1x3x4 + 116x2x3x4
+ 1645x0x
2
4 + 641x2x
2
4 − 354x
2
0x5 + 10980x1x5 − 1056x
2
1x5
+ 552x0x2x5 − 463x1x2x5 + 376x0x3x5 + 1600x1x3x5
− 1533x2x3x5 − 1008x0x4x5 − 742x1x4x5 − 267x2x4x5 + 1345x0x
2
5
+ 455x1x
2
5
X is a smooth irreducible subscheme of P5 of dimension 4 and degree 3.
Let us check that the sextic del Pezzo fibration associated to X is good.
The discriminant locus of the map π : X˜ → P2 is a reducible curve of degree 12
with two irreducible components:
BI : −60t
6
0 + 223t
5
0t1 + 1421t
4
0t
2
1 + 69t
3
0t
3
1 + 61t
2
0t
4
1 + 311t0t
5
1 + 1537t
6
1
+ 781t50t2 + 117t
4
0t1t2 + 1452t
3
0t
2
1t2 + 625t
2
0t
3
1t2 + 144t0t
4
1t2 + 1560t
5
1t2
− 203t40t
2
2 − 314t
3
0t1t
2
2 − 673t
2
0t
2
1t
2
2 − 239t0t
3
1t
2
2 − 1007t
4
1t
2
2 − 1633t
3
0t
3
2
+ 1643t20t1t
3
2 − 530t0t
2
1t
3
2 + 71t
3
1t
3
2 + 849t
2
0t
4
2 − 1293t0t1t
4
2 + 1356t
2
1t
4
2
− 928t0t
5
2 + 1055t1t
5
2 + t
6
2 = 0
BII : 1262t
6
0 − 979t
5
0t1 + 315t
4
0t
2
1 + 1534t
3
0t
3
1 + 1545t
2
0t
4
1 − 551t0t
5
1
− 451t61 − 1475t
5
0t2 − 812t
4
0t1t2 + 182t
3
0t
2
1t2 − 205t
2
0t
3
1t2
+ 1579t0t
4
1t2 − 1528t
5
1t2 − 21t
4
0t
2
2 + 495t
3
0t1t
2
2 + 124t
2
0t
2
1t
2
2
− 1633t0t
3
1t
2
2 − 503t
4
1t
2
2 + 1452t
3
0t
3
2 − 995t
2
0t1t
3
2 + 825t0t
2
1t
3
2
− 1491t31t
3
2 + 278t
2
0t
4
2 + 381t0t1t
4
2 − 1183t
2
1t
4
2 + 1412t0t
5
2 + 1530t1t
5
2 + t
6
2 = 0
BI is a smooth irreducible subscheme of P
2 of dimension 1 and degree 6, BII
has 9 cusps. They intersect transversally in 36 points. This prove that π is good
(see §3.1).
Hence, X is a rational smooth cubic fourfold in the irreducible component cor-
responding to τ = 6 of C18 ∩ C14 with a good associated sextic del Pezzo fibration
and a nontrivial Brauer class b3.
5.2. Cubic fourfold in C8. We provide now an example of rational cubic fourfold
in C8 containing a good plane with nontrivial Brauer class using §4.3. Let S38 be
the smooth surface of degree 10 contained in a general element of C38 as defined in
§4.3. It is given by the image of the plane via the linear system of curves of degree
10 with 10 general triple points (see [10]).
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Let P be the plane whose ideal is generated by P1, P2 and P3 as follows:
P1 = x2 − 1277x3 − 733x4 + 1373x5,
P2 = x1 + 1280x3 + 1650x4 − 1339x5,
P3 = x0 − 954x3 − 133x4 − 1153x5.
Note that P and S38 intersects tranversally in 2 points. They are contained in the
cubic fourfold Y cut out by
C′ := x30 − 994x
2
0x1 − 337x0x
2
1 − 1402x
3
1 − 297x
2
0x2 + 22x0x1x2
− 295x21x2 − 1639x0x
2
2 − 331x1x
2
2 + 830x
3
2 − 182x
2
0x3 − 717x0x1x3
+ 38x21x3 − 655x0x2x3 + 1519x1x2x3 + 1348x
2
2x3 − 359x0x
2
3 + 1500x1x
2
3
+ 850x2x
2
3 + 270x
3
3 − 1479x
2
0x4 + 906x0x1x4 + 862x
2
1x4 + 354x0x2x4
− 1561x1x2x4 − 1196x
2
2x4 + 530x0x3x4 − 690x1x3x4 − 151x2x3x4
+ 1101x23x4 + 989x0x
2
4 + 1045x1x
2
4 + 966x2x
2
4 + 1292x3x
2
4 − 868x
3
4
− 1612x20x5 − 767x0x1x5 + 1027x
2
1x5 − 108x0x2x5 + 533x1x2x5 − 338x
2
2x5
+ 45x0x3x5 + 269x1x3x5 − 469x2x3x5 + 946x
2
3x5 + 686x0x4x5
+ 1070x1x4x5 + 26x2x4x5 − 741x3x4x5 + 1403x
2
4x5 + 663x0x
2
5 + 1067x1x
2
5
+ 1609x2x
2
5 − 1403x3x
2
5.
Y is a smooth cubic hypersurface in P5 contained in the intersection C8 ∩ C38. The
discriminant divisor D ∈ P2 of the map q : Y˜ → P2 is a smooth sextic curve defined
as follows:
D : t60 + 249t
5
0t1 − 66t
4
0t
2
1 − 1000t
3
0t
3
1 − 306t
2
0t
4
1 − 862t0t
5
1 − 408t
6
1
− 588t50t2 + 138t
4
0t1t2 + 72t
3
0t
2
1t2 − 1637t
2
0t
3
1t2 − 1358t0t
4
1t2
+ 1364t51t2 − 528t
4
0t
2
2 + 994t
3
0t1t
2
2 + 1595t
2
0t
2
1t
2
2 − 1525t0t
3
1t
2
2
− 510t41t
2
2 − 857t
3
0t
3
2 + 1334t
2
0t1t
3
2 + 1248t0t
2
1t
3
2 + 1295t
3
1t
3
2
− 668t20t
4
2 + 936t0t1t
4
2 + 236t
2
1t
4
2 + 708t0t
5
2 + 151t1t
5
2 + 160t
6
2 = 0
Hence, Y is a smooth rational cubic fourfold containing a good plane P in the
irreducible components of C8 ∩ C38 indexed by τ =< P, S38 >= 2 corresponding
to the classes of smooth rational cubic fourfolds whose associated quadric surface
bundle doesn’t have a rational section.
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